Abstract. The object of the present paper is to study a transformation called Dhomothetic deformation of trans-Sasakian structure. Among others it is shown that in a trans-Sasakian manifold, the Ricci operator Q does not commute with the structure tensor <f> and the operator Q(j> -<f>Q is conformal under a D-homothetic deformation. Also the (^-sectional curvature of a trans-Sasakian manifold is conformal under such a deformation. Some non-trivial examples of trans-Sasakian (non-Sasakian) manifolds with global vector fields are obtained.
Let M be a (2n+l)-dimensional C°°-almost contact metric manifold with metric g and almost contact metric structure ( 
<p,^,T],g). Then we have for X, Y € where I denotes the identity transformation and (8) denotes the tensor product. The fundamental 2-form $ of the almost contact metric
In the classification of Gray and Hervella ( [1] ) of almost Hermitian manifolds, there appear, in particular, two classes namely lü\ and u>2 © U4. The class UJ4 is a class of Hermitian manifolds which contains locally conformai Kàhler manifolds and the later is a class of almost Hermitian manifolds which contains locally conformai almost Kàhler manifolds. Also these classes are preserved under conformai diffeomorphism. An almost contact metric structure (<j>,£,T],g) is said to be trans-Sasakian ( [6] ) if the almost Hermitian structure (J, h) on M x R is locally conformai Kàhler. Equivalently, an almost contact metric structure is called a trans-Sasakian structure ( [6] ) if (M x R, J, h) belong to the class U4 of almost Hermitian manifolds. This may be stated by the condition ( [4] ) ( 
1.4) (Vx^iY) = a{g(X, Y)Ç -r¡{Y)X} + 0{g(<t>X, Y)i -r/(Y)4>X},
where a, f3 are smooth functions on M and we say that the trans-Sasakian structure is of type (a, ¡3). Again, in ( [2] ) the authors have introduced two subclasses of transSasakian structures, the C5 and Cq structures which contain the Kenmotsu and Sasakian structure respectively. The subclass C5 and Ce are respectively called /3-Kenmotsu and a-Sasakian structure. An almost contact metric structure (</>, £,r),g) is said to be C5 if it is trans-Sasakian with a = 0; Kenmotsu if it is C5 with ¡3 = 1; Ú6 if it is trans-Sasakian with /3 = 0; Sasakian if it is Ce with a = 1; cosympletic if it is trans-Sasakian with a = /? = 0 ( [2] , [4] , [5] , [8] ).
An almost contact metric structure (<j>, 77, g) is called an almost transSasakian structure ( [6] ) if the almost Hermitian manifold (M x R, J, h) be-longs to the class (¿2 © <¿4. In the present paper we confined ourselves with the study of trans-Sasakian structure. An almost contact metric manifold is said to be 77-Einstein if its Ricci tensor S is of the form 
where a is a positive constant. If M(0, £,r/,g) is an almost contact metric structure with contact form 77 , then M(0, £,77,5) is also an almost contact metric structure ( [10] 
In ( [10] , [13] ) the author used .D-homothetic deformation on a Sasakian and K-contact structures to get results on the first Betti number, second Betti number and harmonic forms. Hence the .D-homothetic deformation can be used to get the results on the first Betti number, second Betti number and harmonic forms of the trans-Sasakian structure. A plane section in the tangent space T p (M) is called a 0-section if there exists a unit vector X in T P (M) orthogonal to £ such that {X,(f>X} is an orthonormal basis of the plane section. Then the sectional curvature
is called a 0-sectional curvature. A contact metric manifold M(<f>, 77, g) is said to be of constant 0-sectional curvature if at any point p € M, the sectional curvature K(X, 4>X) is independent of the choice of non-zero X £ Dp, where D denotes the contact distribution of the contact metric manifold defined by rj = 0.
The model spaces of contact metric structure are complete and simply connected Sasakian manifolds of constant «/»-sectional curvature H. These Sasakian manifolds admit the maximal dimensional automorphism ( [14] ). The Riemann curvature tensor R of Sasakian manifold of constant ^sec-tional curvature is determined by Ogiue ([9] ) . The geometry of contact Riemannian manifold of constant (/»-sectional curvature is obtained by Tanno ([15] ). If the (/»-sectional curvature H is constant on a K-contact Riemannian manifold M(<f>, rj, g), then H can be deformed by a D-homothetic deformation of the structure tensors ( [11] ). If H > -3, then choosing a constant 6 = we get a K-contact Riemannian manifold M(</>, Ot], 9g+(6 2 -0)r)®rj) of constant (/»-sectional curvature ( [11] ). Hence Tanno posed a natural question that does there exist contact metric manifolds of constant (/»-sectional curvature which are not Sasakian ( [11] ). Since the trans-Sasakian structure contains both the Sasakian and non-Sasakian structures, the existence of a trans-Sasakian (non-Sasakian ) manifold of both constant and non-constant (/»-sectional curvature is ensured in our paper, which gives rise to the answer of the question of Tanno ([11] ) as affirmative.
C. Results of the paper
In a Sasakian manifold, the Ricci operator Q commutes with the structure tensor </ », that is, Q(p = <PQ-But in a trans-Sasakian manifold Q4> ^ (j)Q as determined by the following : 
for any vector field X on M.
The main results of the paper are the following:
THEOREM 2. Under a D-homothetic deformation, the operator Q4> -(j)Q of a trans-Sasakian manifold M(<f>,£, 77, g) is conformal.

THEOREM 3.
Under a D-homothetic deformation, the rj-Einstein transSasakian manifold M((j),^,r],g) is conformal.
COROLLARY 1.
Under a D-homothetic deformation, an Einstein transSasakian manifold reduces to an rj-Einstein trans-Sasakian manifold.
THEOREM 4. Under a D-homothetic deformation, the cf>-sectional curvature of a trans-Sasakian manifold is conformal.
On D-homothetic deformation of trans-Sasakian structure 175 THEOREM 5.
There exist trans-Sasakian manifolds (non-Sasakian) with non-zero and non-constant 4>-sectional curvature.
In ( [7] ) the author proved that a trans-Sasakian manifold of dimension > 5 is either a-Sasakian or /3-Kenmotsu manifold. Trans-Sasakian manifolds of dimension 3 are also classified in ( [7] ). In our paper we obtain some examples of 3-dimensional trans-Sasakian structures which are neither of class C5 nor CQ.
Basic results of trans-Sasakian manifolds
Let M 2n+1 (</>,£, ?7, <7) be a trans-Sasakian manifold. Then from (1.4), it follows that (2.1)
In a trans-Sasakian manifold M 2n+1 (<f>,£,ri,g) the following relations hold [16] :
)[r,(Y)X -r,(X)Y] -(Xa^Y -{XP)<j>\Y) + 2a/3[r](Y)cf>X -r]{X)<t>Y\ + (Ya)cf>X + (Y(3)cj> 2 {X),
for any vector field X, Y on M, where R is the Riemannian curvature tensor, S is the Ricci tensor of type (0, 2) and Q is the Ricci operator i.e.,
S(X,Y) = g(QX,Y).
Since in a 3-dimensional Reimannian manifold the conformal curvature tensor C vanishes, we have
where r is the scalar curvature of the manifold. Setting Z = £ in (2.10), we obtain by virtue of (2.3) that
Putting Y = £ in (2.11) and then using (2.8) and (2.9) we obtain (2.12)
The relation (2.12) can also be written as
-[Y(3 + ((<f>Y)aMX) -[X(3 + ((<f,X)a)]r,(Y).
In view of (2.12) and (2.13), (2.10) takes the form
We shall now state and prove some lemmas which will be needed to prove the main results. 
-g(R(Z, W)4>X, 4>Y) + [(</>Xa){g(Y, Z) -V (Y)r,(Z)} -(<f>Ya){g(X, Z) -r,(X) V (Z)} -($Y(3)g(<f>X, Z)
+ (<t>XP)g(<f>Y, Z)]r)(W) = g(<j)R(Z, W)X, 4>Y) + (a 2 -(3 2 )[g(X, Z){g(W, Y) -rj(Y)ri(W)} -g(X, W){g(Y, Z) -v(Y)rj(Z)} -g(Z, cf>X)g(W, </>Y) + g(W,<pX)g(Z,4>Y)] + 2af3[g(X, W)g(Z, cj>Y) -g(Z, X)g(W, <f>Y) -g(Z, <j>X)g{Y, W) + g(W, <f>X)g(Y, Z) + g(Z, ¿X)TJ(W)T,(Y) -g(W, 4>X) V (Y)N(Z)] -[(Za)g(W, <f>Y) -(Wa)g{Z, <j>Y) + (Zp){g(Y, W) - v(Y)v(W)} -(WP){g(Y,Z)-V (Y) V (Z)MX) + v (W)[(<i>Xa){g(Y, Z) -n{Y)ri{Z)} -(4>Ya){g(X, Z) -v(X)rj(Z)} -(<frY(3)g(<t>X, Z) + {<t>X(3)g(<j>Y, Z)\ = g(R(Z, W)X, Y) -V (R(Z, W)X)rj(Y) + (a 2 -P 2 )[g(X, Z)g(Y, W) -g(X, W)g(Y, Z) -g(Z,
4>X)g(W; <j>Y) + g(W, cj>X)g{Z, <t>Y) -g(X, Z)rj(Y)r](W) + g(X, W)TI(Y) V (Z)] + 2a(3[g(X, W)g(Z, <t>Y) -g(Z, X)g(W, <j>Y) -g(Z, <j>X)g{Y, W) + g(W, <t>X)g{Y, Z) + g(<fiX, Z) V (Y) V (W) -g{<j>X, W)ri(Y)n{Z)] -[(Za)g(W, 4>Y) -(Wa)g(Z, <j>Y) + (Z0){g(Y, W) -v(Y)v(W)} -(4>Ya){g(X, Z) -7?(X)r ? (Z)} -(<t>Y/3)g(<f>X, Z) + (4>XP)g(<t>Y, Z)\.
The relation (2.16) follows from the above and (2.4). Proof. Replacing X, Y by <f>X, <f>Y respectively in (2.15) and taking the inner product on both sides by <j>W, and then using (1.2) and (2.1) we get 
LEMMA 2.3. Let M 2n+1 (4>,£,r),g) be a trans-Sasakian manifold. Then for any X, Y, Z and W on M, the following relation holds: (2.17) g(R(<f)X, c/)Y)(f>Z, 4>W) = g(R(Z, W)X, Y) + (a 2 -p 2 )[g(X, Z)v(Y)n(W) -g(Y, Z)R,(X)RI(W) + g(Y, W)TI(X)T,{Z) -g(X, W)r}(Y)n(Z)] + 4a/3[g(X, W)g(Z, JY) + g(X, Z)g(Y, 4>W) -g(</>X, Z)g(Y, W) -g(Y, Z)g(X, <F>W) -g{<F>Y, Z) V {X)T,(W) + g(<L>X, Z)rj(Y) V (W) + g(W, 4Y)RI(X)RI{Z) -g(W, 4>X)R,(Y)R,(Z)] -(<T>XA)[g(Y, W)T](Z) -g(Y, Z) V (W)} + (4>Ya)[g(X, W)R}(Z) -g(X, Z) V (W)}
-g(Y, <t>W)g(Z, <j>X) + g(X, W)g(Y, Z) -g(Y, W)g(Z, X) + g(X, Z)q(Y)r,(W) -g(Y, Z) V (X)q(W) + g(Y, W) V {X)r,(Z) -g(X, W)r,{Y)r,{Z)\ + 2a0\g(X, W)g(Z, <f>Y) -g(Y, W)g(<f>X, Z) -g(Y, Z)g(X, <j>W) + g(X, Z)g(Y, cj>W) -g(<f>Y, Z) V (X)r,(W) + g(<f>X, Z)rj(Y)rj(W) + g(W, <j>Y) n {X)n{Z) -g{W, <j,X) V (Y)r,(Z)] -[(4>X0) + (<j>Xa)][g{Y,W) -r,{Y)ri(WMZ) + [(<f>Y0) + (#Ya)MX, W) -V (X) V (WMZ).
Using (2.16) in the above relation we obtain (2.17). Proof. From the definition we have S^X^Y) = g(Q(f>X, <f>Y), which yields, by virtue of (1.8) and (2.6), the relation (2.18). Hence, substituting the above expressions of A and fi in (1.5) we obtain (2.19 ). This proves the proposition. Again, setting Y = Z = (f)Xi in (2.17) and taking summation over i and then using (1.1) and (1.2) we get
Proof of the results
Adding (3.1) and (3.2) and using the definition of the Ricci operator, we obtain Operating <p on both sides of (3.5) we get (3.6) Q<f>X -<f>QX = S&X, + 8a(3(n -2)<f> 2 X + 2{(j> 2 {grada) -(nl)<t>{ffrad0)\n{X).
From (2.6) we have By virtue of (3.7), (3.6) reduces to (3.1).
Proof of Theorem 2. By virtue of (2.2), the relation (1.6) reduces to
W(X,Y) = (1 -a)[r,(Y)d>X + r,(X)4>Y] + (l^y\g{X,Y)-r,(X)r,(Y)]^
which yields by virtue of (1.4), (2.1) and (2.2) that 
^-l(XPMY,Z)-r)(Y)r}(Z)](i. a
Using the last two relations into (1.7), we obtain by virtue of (1.4) and (2.2) that 
+ g(<t>X, Z) V (Y)£ -g(</>Y, Z)r,(X)S + g(X, Z)cf>Y -g(Y, Z)<f>X + r,(Z)r}(Y)<l>X -niZWXWY] + -f3 2 [g(Y, Z)X -g(Z, X)Y a
Prom (3.8) it follows that
Operating <j ) = 4> on both sides of (3.10) from the left we have By virtue of (3.12), the relation (3.9) takes the form for a ^ 1 and f5 2 / 3aa, where X is a unit vector field orthogonal to £ and K(X, <f)X) is the ^sectional curvature. This implies that the sectional curvature K(X, <j)X) is non-vanishing and non-constant for a ^ 1 and ¡3 2 3aa. This proves the theorem. ) . a Therefore such a trans-Sasakian manifold M 3 (0, 77, g) satisfies the relation (3.13) and hence the Theorem 4 is verified. Therefore such a trans-Sasakian manifold M 3 ((/>, 77, g) satisfies the relation (3.13) and hence Theorem 4 is verified.
Examples of trans-Sasakian manifolds
